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Abstract 

The matching of global anomalies of a supersymmetric gauge theory and its 
dual is seen to follow from similarities in their classical chiral rings. These 
similarities provide a formula for the dimension of the dual gauge group. As 
examples we derive 't Hooft consistency conditions for the duals of supersym- 
metric QCD and SU{N) theories with matter in the adjoint, and obtain the 
dimension of the dual groups. 
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Typeset using REVT[t;X 



One important constraint on the moduli space of vacua of supersymmetric gauge theo- 
ries is that the massless fermions in the low energy theory should have the same flavor 
anomalies as the fundamental fields, i.e. the 't Hooft consistency conditions should be sat- 
isfied 0] . These conditions are used as a test on the spectrum of massless fermions, usually 
obtained from symmetry arguments and renormalization group flows. Two types of theories 
have been found: for type I theories the classical moduli space Aici or a suitable quantum 
modified version of it satisfies 't Hooft consistency conditions at every point; type II theo- 
ries fail to satisfy these conditions at some points of Aid, and their quantum moduli space 
cannot just be a quantum modification of A^ci- It is believed that the IR sector of these 
theories at those points corresponds to a dual theory 0. The dual theory has a different 
gauge group and matter content, but the same flavor symmetry group. As an example, 
consider supersymmetric QCD with Np flavors. When Np < N there is no supersymmetric 
vacuum in the quantum theory When Np > N, A^ci is described by mesons and baryons, 
which are gauge invariant polynomials in the microcopic fields, subject to some algebraic 
constraints. On general grounds it is shown that only the Np = N theories admit quantum 
deformations of the classical constraints. In fact, both Aici in Np = + 1 theories and a 
quantum deformation of Aid in the Np = N case describe correctly the IR sector of these 
theories, these are type I theories However, the origin of Aid in Np > N + 2 theories fails 
't Hooft's consistency test and is believed to correspond to a dual theory 0. Recently [^0, 
a mechanism responsible for flavor anomaly matching in type I theories was found and used 
to predict when a theory belongs to this group, avoiding explicit calculation of anomalies. 
Anomaly matching in s-confining theories (such as QCD with Np = A^ + 1) and those 
obtained from them by integrating out matter fields (such as QCD with Np = N), which 
have a quantum modified moduli space, follows from the results in [Q. In this letter we ex- 
plore type II theories. The duality hypothesis in type II theories is supported by a number 
of consistency checks, of which the matching of global anomalies between both theories is 
believed to be a particularly stringent one. We will show that this matching follows from a 
sequence of applications of the results in and the relation between the classical moduli 
space of both theories, intimately related to their classical chiral rings . 

We first review the notation and state the results we need from [^], a complete proof of 
them, together with a discussion on the classical moduli space from an algebraic geometry 
perspective can be found in 0: (f)\i = 1, ...,du is a point in the vector space U of constant 
chiral field configurations of the UV theory, G is the complexification of the gauge group Gr 
of the theory, and G0 C f/ is the G orbit of G f/. If a tree level invariant superpotential 
W{(l)) is added to the theory then C U denotes the set of critical points dW = 0, which 
contains complete G orbits, as W is Gr invariant and holomorphic, therefore G invariant. 
V is the vector space spanned by a basic set of gauge invariant polynomials (^*((^) in 
constructed out of the fundamental fields 0*. The tangent vector space of at the point 
00 is denoted T^f^U^ . Under the natural isomorphism T^^U = U we can regard T^qU^ C U 
and expand a tangent vector in coordinates 50*. There is a natural map vr : 
by — s> 0(0). The image Aid = tt{U^) is called classical moduli space. The reason is 
that there is a unique closed orbit in every fiber 7r~^(0),0 G Aid 0, and closed orbits are 
precisely those that contain a D — flat point therefore points in Aid are in one to one 
correspondence with D-flat points satisfying dW = 0, i.e, classical supersymmetric vacua. 
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The differential tt^^ : T^^U^ T^^Aid of vr at 0o ^ provides a linear map from the 

tangent of at 0o to that of Aid at 0o = 7r(0o)- When W = 0, Aid is just the algebraic 
subset of V defined by the constraints among the 0* . As examples we introduce the two 
theories studied in this work: 

Supersymmetric QCD: the gauge group is Gr = SU (N), its complexification G = SL{N, C). 
The matter fields are the quarks Q^°',i = 1, ...,Nf in the fundamental of SU{N) and the 
antiquarks Qaj,j = 1, ...,iVi? in the dual of SU{N), so the dimension of U is du = 2NNf. 



A basic set of gauge invariant fields 0* is 

M; = Q^°Q„,- (1) 

Bki--kMjj Q Q '"'Q £aia2--«]V^«ii2--«jvfci--fc]v^ Z-'^' (2) 



where Njj = Np — N; they span the vector space V of dimension Np + 2Nf\/{N£,\N\). 
W = 0, then Aid is the subset of V defined by the algebraic constraints among the fields 

m- 

SU{N) theories with matter in the adjoint: adding to the above theory a field X in the 
adjoint (of G = SL{N,C)) and a tree level superpotential W = pi^tiX), p a polynomial, 
we obtain the theories studied in [|l^. We will concentrate on the case W = trX^/3. 
Computations are simpler if we drop the constraint tr X = 0, add a gauge singlet T to the 
theory and replace the superpotential W = tr X^/3 with 

W=^tTX'-^trX. (4) 

T plays the role of a Lagrange multiplier. The equations dW = defining are tr X = 
and XX^ = TI. Note that, although T and trX'^ are independent gauge invariants on U, 
only T is independent on , where tr X^*"*"^ = and tr X"^^ = T'^/X'^"^, then a basic set 



of gauge invariants is |TD| 

M; = Q'^'Q^j (5) 

Xj = Q^-XfQ,,, (6) 

T{ = X^X^J, (7) 



where ui + n2 = X. These fields span the vector space V. 

We now list the results we need from P|, slightly generalized to the case W ^ 0, a de- 
tailed proof of these, together with a detailed description of Aid from an algebraic geometry 
approach can be found in [^. 

Theorem I: (i) Assume G is totally broken at 0o and the orbit G0o is closed (equivalently, 
G(f)o contains a D-fiat point [^,||), then vr^^ : Tfp^U^ ^7r(0o)-^ci is onto. 
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(ii) If also is irreducible [] and 0o ^ is smooth, then A^ci is irreducible, 0o = vr(0o) 
is smooth, and kervr^^ = Lie (G) 0o- In particular, T^^JH^ = it'^^^{T^qU'^) and dim A4ci = 
rank tt^^ = dim f/'^— dim G. 

Theorem II: Let Aici be the classical moduli space of a supersymmetric gauge theory 
with gauge group G, superpotential W and flavor symmetry F. It is assumed that the 
gauge theory has no gauge or gravitational anomalies, and the flavor symmetries have no 
gauge anomalies. Let 0o £ -Md be a point in the classical moduli space. Assume there is a 
point 00 G in the fiber {n {(^q)) of 00 such that 

(a) G is completely broken at 0o- 

(b) 7r;^:T^„^^^T^^A^eiis onto. 

(c) kervr^^ = Lie (G) 0o- 

If a subgroup Fo C F is unbroken at 0o, then the 't Hooft consistency conditions for the 
Fq flavor anomalies and the Fq gravitational anomalies are satisfied, i.e, the anomalies com- 
puted in the Fo invariant subspace T^^A^ci match the corresponding anomalies in U. 
Corollary: If 0o is a smooth point of the irreducible set that totally breaks G and 
is D-fiat (or has a closed G-orbit), then the anomalies of the flavor subgroup unbroken at 
00 = vr(0o) match between U and T^^TVlci- 

The matching of flavor anomalies of a theory and its dual can be explained as follows: 
the dual theory has complexified gauge group Gd, chiral configuration space space Ud, 
superpotential Wd with critical points f/^^. The Gd invariant independent generators 
{(l)^y{(f)^) in span a vector space Vd- The global symmetry group of the dual theory is 
the same as the flavor group F of the original theory. There is an isomorphism I : Vd ^ V 
(the span of G invariant generators of the original theory) which commutes with the action 
of F, therefore both A^ci and can be thought embedded in the same vector space. In 
general, A^ci and Ai^ are different. However, their intersection is nonempty and it is easy to 
find smooth points 0i G f/^, 0f G U^'^ ,i = 1, s satisfying the hypothesis of theorem I, 
therefore those of theorem II, such that 7r(0j) = 0j = 7r£)(0f). We can calculate the tangent 
spaces to ^Ac\ and at 0j using theorem I, the superpotential Wd is seen to be carefully 
chosen to satisfy T^^A^ci = 7r^,(^9i,f^^) = {'^DY^DiT^DU^^) = T^,Ai^. In some restricted 
cases we may have = A4ch then the above conditions are trivial. Denote Af{X) the F 
anomaly in the vector space X, and by Fj the isotropy group of 0i, i.e, the unbroken piece 
of F at 0i. Applying theorem II twice gives: 

ApXU) = AfXT^M,^) = AfXT^M^,) = AfXUd). 

By choosing the points 0j appropriately, the matching of U and Ud anomalies for the full 
flavor group F is implied by the matching of Fj anomalies ||^. We remark that the argument 



This means that if the restriction to U of the product of two polynomials in U is zero, then 
the restriction of one of them must also be zero. The dimension of an irreducible algebraic set X 
equals min^^gx dim T^X. The points of X at which the tangent space has minimum dimension are 
said to be smooth |6|,^. 
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does not require the classical moduli spaces of both theories to be the same, but only to 
share the points (pi, with the same tangent space at those points, and that these tangent 
spaces can be determined using theorem I, without even knowing the constraints that define 



Anomaly matching in dual SQCD theories: The origin of A4ci in Nf—2 > N > 2 QCD 
theories displays the fully unbroken SU{Nf)l x SU{Nf)r x [/(l)^ x i? fiavor symmetry; 
it is believed to correspond to a dual theory with Nf flavors of quarks in the fundamental 
of the gauge group SU{N]:)), N^ = Nf — N, Nf flavors of antiquarks in the dual of the 
gauge group and additional gauge singlets Mj 0. Note that Nf — 2 > Nd > 2 also. The 
transformation properties of the flelds in both theories are summarized in the table below: 







SU{Nf)l 


SU{Nf)r 


Uil)B 


R 


Qja 


N 
N 


Nf 


Nf 


1 
-1 


Nf-N 

Nf 
Nf-N 


M] 


Nd 
Nd 


Nf 
Nf 


Nf 
Nf 


N 

Nf-N 
N 
Nf-N 




Nf 
N 

Nf 

r,NF-N 

^ Nf 



The motivation behind the flavor transformation properties of the flelds in the dual theory 
is that the gauge invariant polynomials 



qi^qi^-'-qij. 



^ qaiqa2 q^Njj 



(10) 

(11) 



can be identifled with the flelds (0, ^) of the original theory. The identiflcation of (|I]) with 
the gauge singlets Mj of the dual theory completes the isomorphism I : Vd ^ V . The 
gauge invariants q'^qi, are trivial on f/'^^, as Wd = Mjq°'qi^. We can show flavor anomaly 
matching for these theories using only two points, 0i and 02, in the above argument. 0i has 
coordinates 



mS'" i < N 
i> N 



Q. 



ja 



0. 



(12) 



Note that G0i = {{Q' 



.N 



Qi3j — Q' 



>f3j) I deti<aQ = m 

that G is totally broken at 0i, then theorems I and II apply at 0i. The point tt 
the IR theory is described by gauge invariant meson and baryon flelds. 



0,2 > a} is a closed set, and 
H) = 01 in 



Mj 



0, 



B 



'n---jNr 



0, 



5, 



,N 



iviNn ~ ^ ^l2...Ncii---iNr 



(13) 



The unbroken flavor group at 0i is Fi = SU{N)l x SU{Nd)l x SU{Nf)r x f/(l)'^ x f/(l)^, 
where (the Lie algebra of) f/(l)^ x R' is a. linear combination of the original baryon and R 
symmetry generators and generators of SU{Nf)l- Under these unbroken symmetries, the 
flelds transform as 
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SUiN)L 


SUiND)L 


SUiNF)R 




Uil)'n 


Q*", i < N 


N 
















Q*", i > N 








-Nf 


{2Nf 


-2N)/{2Nf 


-N) 


Qja 






Nf 


Nd 


{2Nf 


-2N)/{2Nf 


-AT) 



A natural choice for 0^ in the dual theory is 

^r = {"^^-^ •<j^ , ^1 = 0, m; = o (14) 

Although the classical moduli spaces of these theories are different (Mj can be arbitrary 
in the dual theory, whereas rank M* < in the original theory), we can use theorem I 
to check that, thanks to the superpotential Wd in the dual theory, the tangents at the 
shared point ([TB|) agree, as vr^j(f/) = t['^o{T^dU^). This is the span of 6Mj,i < N 
and the 6Bi-^ i^ with at most one of the ik less than or equal to N. Note that 
T^nU]^ = ker {dW/{d{(j)°yd{(f)^y)) = span(5Mj(z < N),6q^), and that ker tt'^^ is 

the subspace T^dU^ fl ker (90Y9(0^)-')) |<^p= Lie (G) 0f , as anticipated by Theorem I. [| 

The point 02 is taken to be "symmetric" to 0i (i.e., with the roles of Q and Q exchanged). 
The matching of the full flavor group anomalies then follows from the matching of Fi and 
F2 anomalies 0. 



Anomaly matching in dual SU{N) theories with adjoint matter: As in the QCD 

case, not every point in A^ci describes correctly the massless particle spectrum in the IR, but 
only those predicted by theorem II. A dual theory based on the gauge group SU {N'j^), N'j^ 



D 



2Nf — N, Np flavors of fundamentals and conjugate fields, an adjoint and additional singlets 
is believed to describe the vacuum at the origin, where the full flavor symmetry group 
SU{Nf)l X SU{Nf)r X U{1)b x R is unbroken. The field content and transformation 
properties for both theories are summarized in the table below 
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SU{Nf)l 


SU{Nf)r 




R 




N 


Nf 




1 


1 'IN 
^ 3Nf 


Qja 


N 




Nf 


-1 


1 2N 
^ 3Nf 


X 


Adj 









2 

! 


T 













q? 


N'd 
N'n 


Nf 


Nf 


N 
N 


1 

3Nf 
1 27V{, 
3Nf 


Y 


Adj 









2 
3 


M] 
iVj 
T 




Nf 
Nf 


Nf 
Nf 







mp 

8Nf-4:N 

3Nf 
4 

3 



^When W ^ it may be easier to check the equality ker vr^^ = Lie (G) 0o by using ker ir'^^ = 
T^oU^ n ker {d4>'/d4>>) \^^, rather than proving that is irreducible and 0o smooth to apply 
theorem I. 
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We can identify the invariant fields [^,0 with 



™i,...,j„^;il,...,i„2 - /lv,ini,«l,.-4D il,-Jn2,fcl,...,fc n 

CC ■ ■ ■ V ■ ■ ■ ^-rJ C ■ ■ ■ \d ^^i-^„pfSi-l3^D . (15) 

-Dll,...,l„j;jl,...,jr„2 jyl ^«lv,«ni;hv.'„D^ilv.in2;fcl,---,'s„0 

1 rij 2 

where = A'^p — ^2, "n,^ = A^^p — n\. The identification of the invariants (|^), and 
(0) with the singlets Mj, A?] and T of the dual theory completes the map I : Vd ^ V . A 
superpotential 



W^D = ^trr^ + Mjglgf + A^jglF^gf - ^trF^ (17) 



is added to the dual theory, then the gauge invariants g^gf and g^V^gf need not be consid- 
ered, as they are trivial on 1]"^° . Also, tr = on [/^°. Note that + s = A^f = A^d - s. 
As duality is an involutive operation we can restrict ourselves to the study of the s < case. 
To understand anomaly matching we can restrict further to the self dual case s = 0, as we 
can flow to the other cases by adding a mass term to the "electric" theory to decouple a 
flavor. Duality is compatible with this flow, which also preserves anomaly matching 
The motivation behind considering the s = case is that more similarities between the 
classical chiral rings of the original and dual theories are to be expected in this case ||10|| . 
Finally, assume for simplicity N = 2n (Higgs effect allows us to flow to the odd A^ case) and 
consider the point 0i of coordinates 

^ = ^(oJ), ^ = ^(0"^)' ^ = 0- (18) 

In the above matrix notation upper or left indices label rows, and X, Q and Q are bro- 
ken up in square matrices of size n. (pi is a smooth point in the irreducible set 
which breaks G = SL{n, C) completely and is D flat, then theorems I and II apply (see 
however footnote 3). The only nonzero coordinates of (pi = tt{(Pi) are - = 

2n^3ngii,...,«„,n+i,...,2ngji,...j„,n+i,...,2n_ choose (pf to be the polut with coordinates 

^ = """(10)' ^ = ""'(o'o^)' Q = M = N = 0, (19) 

where a^^ = —N\/{n\)^. It is straightforward to verify that (pi is in and satisfies 

the hypothesis of the matching theorem. The tangents T^^Ai^i and T^^Ai^ both equal 
the span of SMj,i < n, and SN^i < n, ST, and the fields ^i?*!'---'*"^!'---^" with at most 
one index bigger than n (the nonzero fields - Ji'- -.i"2 with rii = n ±1 and at most 
one index bigger than n are linearly dependent from these). The vacuum (pi breaks F to 
Fi = SU{n)L X SU{n)L x SU{N)r x f/(l)'^ x R', with [/(l)'^ x i?' a combination of U{1)b x R 



7 



and SU{N)l. We can take flavor rotated versions of (|^,|^), or just the "symmetric" point 
with Q^" = to complete the proof of anomaly matching. 



Our results allow the prediction of the dimension of the dual group Go- Assume the 
matter content and superpotential of the dual theory are obtained, e.g, from the rules in 



TT|), up to the value of Nd. Our anomaly matching mechanism implies 

dim A^ci = dim A^^. (20) 

Any two (unrelated) points 0o G and (p^ G satisfying the hypothesis of Theo- 

rem I (d) can be used to calculate these dimensions 

dim Mci = rank vr^^ = dim T^^U^ - dim G = dim - dim G, (21) 

and analogously for Ai^. This calculation can be done even before checking any connection 



between V and Vd- In the QCD example, using the points of Eqs. ( [T^ , |T3|), we obtain 
dim U = 2NNf, dim = dim T^^U^ . The latter is spanned by the N^Np and 



the {Np - Nd)Nf 6M'j,i < Np - Nd, then (|2|j2T|) give the following equation on the 
indeterminate Np,: 

2NNf - (Ar2 - 1) = NdNf + {Nf - Nd)Nf - {Nl - 1). 

The solutions of this equation are Np, = ±{Nf — N). For the theory with matter in the 
adjoint, we analyze the case even and assume No is also even, with Nf > N/2, Nd/2. 
To calculate dimensions we use suitable generalizations of Eqs. (|T^,[T^) to the Nf ^ N case, 



where now the lower Q*" blocks are {Nf — N/2) x A^/2 matrices and the left hand side 
blocks are {Nfi/2) x {Nf — Nfi/2) matrices. The tangent Tfj^^U^ is spanned by A^^/2 fields 
SX^, 6T, and the unconstrained fields, so we get 

dimMd= i—j +1 + 2NNf- {N'^ -I). (22) 



The tangent T^dUj^° is spanned by Nf)/2 fields SY^, 6T, the unconstrained dQ'", and the 
(5Mj and 5A] with i < Nf - Nd/2, therefore 



dim = { ^] + 1 + NdNf + 2 ( Nf - ^ ) Nf - {N^ - 1). (23) 



Equating (^2[) and (^) we obtain Nd = ±{2Nf — N), as expected. 



Understanding fiavor anomaly matching for other pairs of dual theories like those involv- 
ing SO{N) and SP{2N) gauge groups requires stronger versions of theorem II which are 
currently under study, their treatment seems to be analogous to the simpler cases presented 
here. The studied examples suggest that the satisfaction of 't Hooft's consistency conditions 
is to be expected from the similarities of the classical moduli spaces of dual theories, and 
does not constitute an independent test on the duality hypothesis. 

I would like to thank K. Intriligator, A. Manohar, E. Poppitz and W. Skiba for use- 
ful discussions and comments on the manuscript. This work was supported in part by a 
Department of Energy grant DOE-FG03-97ER40546. 
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